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 FORMULA SHEET

● For the negative binomial distribution (for use on question 3):

"   f(x) = x+r-1
x

⎛
⎝⎜

⎞
⎠⎟

 (1-p)r px

"  E[X] = pr
1 - p

● For the shifted Pareto distribution (for use on questions 7, 13 & 15):

"    E[X] = β
α - 1

"    E[X; x] = β
α - 1

 [1 - β
x+β

⎛
⎝⎜

⎞
⎠⎟
α-1

]

"    ex(x) = x + β
α - 1

"    FX(x) = 1 - β
x+β

⎛
⎝⎜

⎞
⎠⎟
α
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1. (2.25 points)
An insurer uses five geographical Storm Zones (A, B, C, D, and E) in their rating plan. 
The insurer refines their rating plan using the following approach:
● Divide each Storm Zone into numerous geographical sectors.
● For each geographical sector and storm type, calculate the observed storm frequency 
" as number of storms per year.
"    There are three storm types defined as Moderate, Strong, and Severe storms.
The insurer performs two credibility procedures to produce estimates of the respective storm
frequencies in each sector. The first is a multi-dimensional credibility procedure and the second
is a single-dimensional credibility procedure (utilizing only a single storm type).
a. (1.5 points) The multi-dimensional credibility results for a particular sector in Storm Zone C for 
Severe storms are given in the table below. The single-dimensional credibility factor is 0.30.

Storm Type Coefficient Storm Zone 
Mean Frequency 

Sector
Mean Frequency

Intercept not provided

Moderate 0.05 5.30 7.10

Strong 0.12 1.40 2.40

Severe 0.20 0.73 0.69

Calculate the mean frequency estimate of Severe storms for each of the two credibility
procedures.
b. (0.75 point) Fully explain why the single-dimensional credibility estimate in part a. above is 
" lower than the multi-dimensional credibility estimate.
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1. Single-dimensional credibility estimate: (0.69)(0.3) + (0.73)(1 - 0.3) = 0.718.
Let V be frequency of moderate storms, W be the frequency of strong storms, and X be the 
frequency of severe storms.
E[V] = expected frequency of moderate storms in the zone = 5.30.
E[W] = expected frequency of strong storms in the zone = 1.40.
E[X] = expected frequency of severe storms in the zone = 0.73.
Then the multi-dimensional credibility estimate of the frequency of severe storms in this sector:
X̂  = E[X] + b(Vi - E[V]) + c(Wi - E[W]) + d(Xi - E[X]) 
     = 0.73 + (0.05)(7.10 - 5.30) + (0.12)(2.40 - 1.40) + (0.20)(0.69 - 0.73) = 0.932.
(b) The single-dimensional credibility procedure just uses information on the severe storms.
The sector frequency of severe storms is lower than that for its zone; based solely on this 
information this sector is better than average for its zone, as far as severe storms go.
In contrast, the multi-dimensional credibility procedure also uses the information on moderate 
and strong storms to help predict the future frequency of severe storms. This is based on 
assuming that the frequencies of the different storm types are correlated. In both cases, the 
sector frequency is higher than that for its zone. (It should be noted that the moderate and 
strong storm types have higher frequencies than severe storms, but in each case we compare 
the frequency of a given type in this sector to that for its zone.) Thus for both moderate and 
strong storms, this sector is worse than average for its zone. Therefore, in the multi-dimensional 
credibility procedure, this raises the estimate for severe storms above what it would be just 
looking at the information on severe storms. Therefore, the single-dimensional credibility 
estimate in lower than the multi-dimensional credibility estimate.
Comment: See the equation at the bottom of page 77 of Couret and Venter.
The given coefficients would differ if we were instead predicting the frequency of either 
moderate or strong storms.
This exam question applies their multi-dimensional credibility procedure to a different situation:
Sector ⇔ Workers Compensation Class.
Zone ⇔ Workers Compensation Hazard Group.
Categories of Severity of Storms ⇔ Categories of Severity of Workers Compensation Injuries.
Here one works directly with number of storms per year, while Couret and Venter work with the 
number of more severe injury types per Temporary Total claim.

.
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2. (2.75 points) An actuary has built two generalized linear models to predict loss costs. 
Management has requested a series of model validation plots to demonstrate the 
appropriateness of each of the new models. 
Output for each model, simple quintile plots, and a double lift plot are shown below:

Observation Actual Loss
Cost

Model A
Loss Cost

Model B
Loss Cost

Earned
Premium

1 1,500 825 900 1,800

2 675 765 800 1,450

3 0 615 350 2,375

4 2,250 900 3,000 2,625

5 5,000 1,050 3,700 4,875

" " " " CONTINUED ON NEXT PAGE
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" " " " CONTINUED ON NEXT PAGE
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Given the following:
● The actuary has already provided management with the simple quintile plots and the double 
" lift chart shown above.
● The company has implemented several segmented rate changes over the last three years.
a. (1 point) For each model, provide a loss ratio plot that management can use to assess lift. 
" Identify the basis of sorting the data.
b. (0.75 point) Briefly describe one drawback of each type of model validation plot that the 
" actuary has provided to management, including the plot produced in part a. above.
c. (1 point) Using all three types of model validation plots provided to management, recommend 
" which model should be implemented. Do not perform any calculations.
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2. (a) Sort the data based on the loss ratio predicted by the given model.

Obser.
Actual 
Loss
Cost

Actual
Loss
Ratio

Model A
Loss 
Cost

Model A
Loss
Ratio

Model B
Loss 
Cost

Model B
Loss 
Ratio

Earned
Premium

1 1,500 83.3% 825 45.8% 900 50.0% 1,800

2 675 46.6% 765 52.8% 800 55.2% 1,450

3 0 0.0% 615 25.9% 350 14.7% 2,375

4 2,250 85.7% 900 34.3% 3,000 114.3% 2,625

5 5,000 102.6% 1,050 21.5% 3,700 75.9% 4,875
For Model A, the order of predicted loss ratios is: 5, 3, 4, 1, 2.
The corresponding actual loss ratios are: 102.6%, 0%, 85.7%, 83.3%, 46.6%.

For Model B, the order of predicted loss ratios is: 3, 1, 2, 5, 4.
The corresponding actual loss ratios are: 0%, 83.3%, 46.6%, 102.6%, 85.7%.
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(b) A loss ratio chart tells one whether a proposed model is outperforming the current rating plan 
by identifying differences in risks, but not whether the proposed modelʼs predictions are 
accurate. The loss ratio chart compares a proposed plan to the current plan, rather than directly 
comparing two proposed plans to each other as in a double lift plot.
Simple quintile plots use loss costs (pure premiums) rather than loss ratios, which make them 
somewhat harder to understand and explain than loss ratio plots. Unlike double lift charts, 
simple quantile plots of two models would have graphs that are on separate charts and we can 
only compare the models by looking at two charts.

Double Lift Plots are sorted based on the ratio = Model A Predicted Loss Cost
Model B Predicted Loss Cost

; this is unintuitive 

and harder to explain (to non-actuaries.) Double Lift Plots compare where model A disagrees 

with model B most, since they are sorted based on the ratio Model A Predicted Loss Cost
Model B Predicted Loss Cost

, so 

Double Lift Plots can be harder to interpret. Double Lift Plots do not provide information about 
actual loss dollars. Double lift plots can only be used to compare two models; for the other plots 
we can create one plot for each of several models in order to compare among these models.
(c) The loss ratio plots should be monotonically increasing. Neither loss ratio plot is good, but 
Model A is worse than Model B.
In the simple quintile plots: Model B does a better job at predictive accuracy, both plots are 
monotonically increasing, and Model B has a much greater vertical distance between the 
actuals in the first and last quantiles (which is good). Thus based on these simple quintile plots, 
Model B is preferred to Model A.
In the double lift plot: Model B more closely matches the actual than Model A does, particularly 
for the first and last quintiles.
In all three cases, the plot indicates that one prefers Model B to Model A.
Comment: One would apply these plots to a much larger set of data than the five observations 
shown in the question; normally one would not draw any conclusions based on such a small 
amount of data.  
To create a loss ratio chart:
1. Sort the dataset based on the model prediction, in other words modeled loss ratios.
2. Group the data into quantiles with equal volumes of exposures.
3. Within each group, calculate the actual loss ratio.
Nevertheless, in part (a) the CAS also allowed plots where the data was sorted by modeled loss 
costs rather than modeled loss ratios. In that case, the plot will be the same for both
models, since they rank the observations in the same order: 3, 2, 1, 4, 5. 
(The syllabus reading is less than clear on this, but it would make no sense to expect risks 
grouped together by modeled loss costs to have similar actual loss ratios, since loss costs 
depend on the size of each insured.) 
The premium used to produce a Loss Ratio Plot should be at present rates, reflecting the 
current model.
“In a double lift chart, the first quantile contains those risks which Model A thinks are best 
relative to Model B. In other words, the first and last quantiles contain those risks on which 
Models A and B disagree the most (in percentage terms).”
Part (b) is not fully discussed in the syllabus reading.
“The advantage of loss ratio charts over quantile plots and double lift charts is that they are 
simple to understand and explain. Loss ratios are the most commonly-used metric in 
determining insurance profitability, so all stakeholders should be able to understand these plots.”
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3. (1.75 points) An insurance company has a private passenger auto book of business with an 
experience modification factor in its rating plan.
Given the following:
● Annual claims for an individual driver follow a negative binomial distribution with r = 10.
● The expected claim frequency for the entire book of business is 0.101.
● The credibility for the group of risks that have had at least one accident in the last year is 0.02.
a. (1.25 points) Calculate the experience modification factor for a policy that has had at least 
" one accident in the last year.
b. (0.5 point) Describe why a class with a higher volume of claims and more exposures may 
" have less credibility than a class with fewer claims and exposures.
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3. (a) E[X] = pr
1 - p

. ⇒ 0.101 = 10 p / (1-p). ⇒ p = 0.101/10,101 = 0.01.

f(x) = x+r-1
x

⎛
⎝⎜

⎞
⎠⎟

 (1-p)r px .  f(0) = (1-p)r = (1 - 0.01)10 = 0.9044.

Let y be the mean frequency for those insureds who had at least one accident.
(0.9044)(0) + (1 - 0.9044)y = 0.101. ⇒ y = 1.0565.
Experience mod for a policy that has had at least one accident in the last year:
(2%)(1.0565/0.101) + 1 - 2% = 1.189.
(b) Assume that what they meant to ask was: 
We are experience rating two individuals who are in different classes. The first individual has a 
higher volume of claims and more exposures than the second individual. Describe why the 
experience of the first individual may be given less credibility than that of the second individual.

In experience rating, the credibility of an individual depends on: the volume of data for the 
individual, the expected value of the process variance, and the variance of the hypothetical  
means. More credibility is associated with: a higher volume of data, a smaller expected value of 
the process variance, and a larger variance of the hypothetical means between the individuals 
within the class.
If there is a larger variation between the individuals within a class, in other words if the class is 
heterogeneous, then the variance of the hypothetical means is large, and the experience rating 
credibility will be higher. If the first individual is in a relatively homogeneous class while the 
second individual is in a relatively heterogeneous class, then the experience of the first 
individual may be given less credibility even though it has a larger volume of data than the 
second individual.
Comment: Part (a) is similar to what is done in Appendix II of Bailey-Simon; however, they 
assume a Poisson frequency rather than a Negative Binomial. 
Let R = the ratio of the actual losses to the expected losses. Then, Bailey-Simon derive that for 
Poisson frequency with mean λ, for those who have at least one accident: R =  1/(1 - e-λ).
More generally, one can derive that for those who have at least one accident: R =  1/{1 - f(0)}.
Thus for a Negative Binomial, for those who have at least one accident: R = 1

1 - (1-p)r
.

In this exam question, R = 1 / (1 - 0.9910) = 10.485.
Thus, the experience mod for a policy that has had at least one accident in the last year:
(2%)(10.485) + 1 - 2% = 1.189.
The information I used for the Negative Binomial Distribution was given in a formula sheet at the 
front of this exam. Instead in the notation in Loss Models, β = 0.101/10 = 0.0101.
f(0) = 1/(1+ β)r = 1/1.010110 = 0.9044. 
Part (b) was poorly worded; I thought that they were asking about classification rating.

K = Buhlmann Credibility Parameter = Expected Value of the Process Variance
Variance of the Hypothetical Means

.

Z = N / (N + K) or E / (E + K).
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4. (3 points) An actuary wants to cluster six workers compensation classes based on excess 
ratios at two limits: 750,000 and 1,500,000.  The actuary decides to use a weighted k-means 
algorithm with three clusters. Given the following:

Class On-Leveled 
Earned Premium 

Normalized 
Excess Ratio at 
750,000 Limit 

Normalized
Excess Ratio at
1,500,000 Limit 

Initial Cluster

1 7,000,000 0.250 0.095 A

2 8,000,000 0.200 0.080 B

3 7,500,000 0.170 0.062 C

4 6,000,000 0.130 0.048 A

5 5,000,000 0.450 0.217 A

6 8,500,000 0.240 0.098 B

● At the start of the algorithm, the actuary randomly assigned each class to a cluster.
● The actuary has observed that the 750,000 limit is selected by the insured 75% of the
" time, consistent across all six classes.
Briefly justify which measure to use to calculate the distance between vectors and using that
measure, determine the cluster for each class after the first iteration of the weighted k-means
algorithm.
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4.  Even though the 750,000 limit is selected by the insured 75% of the time, I will treat the two 
limits equally, as does Robertson; since the excess ratios for the 1.5 million limit are smaller, 
they are already having less effect on the distance.
I will use the more traditional L2 metric, the square root of the sum of squared differences, as 
Robertson did. “Our analysis was not very sensitive to whether the L1 or L2 metric was used.”
Alternately, I will recommend using the L1 metric, which is based on absolute errors. Class 5 
looks to be an outlier. Using the L1 metric, many small absolute errors would have the same 
effect as one large error; this results in outliers having less of an impact on the result than if 
using the L2 metric. “The intuitive rationale for using this metric is that it minimizes the relative 
error in estimating excess premium (in retro rating).” 
In the weighted k-means algorithm, we weight each class by its premium when determining the 
center of each cluster. For each initial cluster, we determine its weighted average.

A :  (0.250)(7) + (0.130)(6) + (0.450)(5)
7 + 6 + 5

 = 0.266.  (0.095)(7) + (0.048)(6) + (0.217)(5)
7 + 6 + 5

 = 0.113.

B :  (0.200)(8) + (0.240)(8.5)
8 + 8.5

 = 0.221.  (0.080)(8) + (0.098)(8.5)
8 + 8.5

 = 0.089.

C: (0.170, 0.062)
Then for each class I determine its L2 distance from each centroid, using equal weights.
Distance of Class 1 from centroid of Cluster A: (0.250 - 0.266)2 + (0.095 - 0.113)2 = 0.024.

Distance of Class 1 from centroid of Cluster B: (0.250 - 0.221)2 + (0.095 - 0.089)2 = 0.030.

Distance of Class 1 from centroid of Cluster C: (0.250 - 0.170)2 + (0.095 - 0.062)2 = 0.087.

Distance of Class 2 from centroid of Cluster A: (0.200 - 0.266)2 + (0.080 - 0.113)2 = 0.074.

Distance of Class 2 from centroid of Cluster B: (0.200 - 0.221)2 + (0.080 - 0.089)2 = 0.023.

Distance of Class 2 from centroid of Cluster C: (0.200 - 0.170)2 + (0.080 - 0.062)2 = 0.035.

Distance of Class 3 from centroid of Cluster A: (0.170 - 0.266)2 + (0.062 - 0.113)2 = 0.109.

Distance of Class 3 from centroid of Cluster B: (0.170 - 0.221)2 + (0.062 - 0.089)2 = 0.058.
Distance of Class 3 from centroid of Cluster C:  0.
Distance of Class 4 from centroid of Cluster A: (0.130 - 0.266)2 + (0.048 - 0.113)2 = 0.151.

Distance of Class 4 from centroid of Cluster B: (0.130 - 0.221)2 + (0.048 - 0.089)2 = 0.100.

Distance of Class 4 from centroid of Cluster C: (0.130 - 0.170)2 + (0.048 - 0.062)2 = 0.042.

Distance of Class 5 from centroid of Cluster A: (0.450 - 0.266)2 + (0.217 - 0.113)2 = 0.211

Distance of Class 5 from centroid of Cluster B: (0.450 - 0.221)2 + (0.217 - 0.089)2 = 0.262.

Distance of Class 5 from centroid of Cluster C: (0.450 - 0.170)2 + (0.217 - 0.062)2 = 0.320.

Distance of Class 6 from centroid of Cluster A: (0.240 - 0.266)2 + (0.098 - 0.113)2 = 0.030

Distance of Class 6 from centroid of Cluster B: (0.240 - 0.221)2 + (0.098 - 0.089)2 = 0.021.

Distance of Class 6 from centroid of Cluster C: (0.240 - 0.170)2 + (0.098 - 0.062)2 = 0.079.
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Now we assign each class to the cluster whose centroid it is closest to.
New Cluster A is: 1, 5.  New Cluster B is: 2, 6.  New Cluster C is: 3, 4.

Comment: Similar to 8, 11/17, Q.2.
See pages 201 and 205 of Robertson.
The CAS also allowed answers using the L1 metric and/or weighting the limits 75%/25% rather 
than equally; it turns out in this case any of the four possible choices of combinations of metrics 
and weights result in the same clusters after the first iteration.
The CAS Examinerʼs report mentioned one mistake as “Not taking the square root for L2.”
It should be noted that in general, failing to take this square root does not affect which centroid 
is closest and therefore does not affect the results of the algorithm. (The smallest squared 
distance is also the smallest squared distance.) It would save a little time calculating. 
Robertson did not normalize the excess ratios prior to using them to construct clusters.
Thus, I do not know why this exam question refers to the excess ratios as “normalized”.
The six classes and the centroids of the three initial clusters:
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5. (2.75 points) The following confusion matrix shows the result from a claim fraud model with 
a discrimination threshold of 25%:

PredictedPredicted

Actual Yes No

Yes 72 162

No 63 1203
a. (0.5 point) Identify a link function that can be used for a generalized linear model that has 
" a binary target variable and briefly explain why this link function is appropriate.
b. (0.5 point) Calculate the sensitivity and specificity from the above data.
c. (1.5 points) Plot the receiver operating characteristic (ROC) curve with the discrimination 
" threshold of 25%. Label each axis, the coordinates, and the discrimination thresholds of 
" 100%, 25%, and 0% on the curve.
" In addition, plot the ROC curve for each of the following two models:
" " i. A model with no predictive power
" " ii. A hypothetical "perfect" model
d. (0.25 point)
Briefly describe how the severity of claims will impact the selection of the model threshold.
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5. (a) For the logit link function, βx = ln( µ
1 - µ

) ⇔ μ = exp[βx]
1 + exp[βx]

. The logit link function is 

appropriate, since it maps the real line into the interval [0, 1]; probabilities are between 0 and 1.
(b) sensitivity = (true positives) / (all positives) = 72 / (72 + 162) = 30.8%.
specificity = (true negatives) / (all negatives) = 1203 / (1203 + 63) = 95.0%.
(c) The 25% threshold corresponds to the point: (1 - 0.950, 0.308).  The ROC curve:

For a threshold of 100% the model always predicts no; there are no false negatives and thus 
1 - specificity is zero. For a threshold of 100% the model never predicts yes; there are no true 
positives and thus the sensitivity is zero.
For a threshold of 0% the model never predicts no; there are no false negatives and thus 
1 - specificity is one. For a threshold of 0% the model always predicts yes; the true positives are 
equal to all positives and thus the sensitivity is one. 
A model with with no predictive power would follow the comparison line (line of equality).
A perfect model would be at (0, 1) in the upper lefthand corner; sensitivity = 1 and specificity = 1.
(d) The larger the average severity, the more worthwhile it is for the insurer to spend money to 
investigate cases of possible fraud. If claims are more severe, then the insurer will be more 
concerned about false negatives (cases where there is fraud but the modeled probability of 
fraud is below the threshold), than it would be about false positives (cases where there is not 
fraud but the modeled probability of fraud is above the threshold). 
Therefore, the more severe the claims, the lower the threshold that should be selected.
Comment: The probit link function and the complementary log-log link function would also work 
in part (a). See An Introduction to Generalized Linear Models by Dobson and Barnett, not on the 
syllabus of this exam.

! ! 2019 Exam 8, Solutions to Questions,  " " HCM  3/6/20,  ! Page 15
 



6. (2 points) An actuary creates a generalized linear model (GLM) to estimate commercial 
property claim frequency by occupancy class and amount of insurance (AOI) for sprinklered and 
non-sprinklered risks. Given the following:
● Occupancy class is a categorical variable with four levels: class 1, 2, 3 and 4.
● Sprinklered status is a categorical variable with two levels: sprinklered and non-sprinklered.
● The natural log of AOI, In(AOI), is a continuous variable.
● The log link function is selected.
● An interaction variable is included as In(AOI) for sprinklered and zero otherwise.
● The model results are as follows:

Parameter Coefficient

Intercept -8.4607

Occupancy class 2 0.2714

Occupancy class 3 0.3620

Occupancy class 4 0.0395

Sprinklered 0.7228

In(AOI) 0.4311

Sprinklered: Yes, In(AOI) -0.0960
a. (0.75 point) Calculate the ratio of the estimated model frequency of a sprinklered property to 
" that of a non-sprinklered property for AOI = 200,000 and occupancy class 2.
b. (0.75 point) Calculate the intercept term if AOI is centered at the base level of 200,000.
c. (0.5 point)
Briefly describe two advantages of centering variables of a GLM at their base levels.
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6. (a) exp[-8.4607 + 0.2714 + 0.7228 + 0.4311 ln[200,000] - 0.0960 ln[200,000]]
exp[-8.4607 + 0.2714 + 0.4311 ln[200,000]]

" = exp[0.7228 - 0.0960 ln[200,000] ] = 0.6383.
(b) In order to center AOI, we will divide the AOI by the base AOI of 200,000 prior to logging and 
including it in the model. The two forms of the model produce the same results.
For example, for Occupancy class 1, non-sprinklered property, with AOI = 200,000, the given 
model has: exp[-8.4607 + 0.4311 ln[200,000] ].
With intercept β0, the revised model would have for this same risk: 
exp[β0 + 0.4311 ln[200,000/200,000] ] = exp[β0].
⇒ exp[-8.4607 + 0.4311 ln[200,000] ] = exp[β0].

⇒ β0 = -8.4607 + 0.4311 ln[200,000] = -3.1987.

(c) 1. If all continuous variables are divided by their base values prior to being logged and 
included in the model. then the intercept term after exponentiating yields the indicated frequency 
at the base case when all variables are at their base levels. This is both more intuitive and 
easier to interpret.
2. When terms are not centered, you can have unintuitive results. In the given example, the 
sprinkler coefficient is positive which can appear to indicate a higher frequency for sprinklered
buildings than for non-sprinklered buildings. (However, when taking into account the interaction 
term, this is not true for values of log(AOI) for insured buildings.) This would not happen if AOI 
had been centered at its base level; the coefficients are more intuitive to understand when 
variables are centered.
3. With the AOI predictor in this form, the sprinklered coefficient has a more natural 
interpretation: it is the (log) sprinklered relativity for a risk with the base AOI.
Comment: See Section 5.6.2 of Generalized Linear Models for Insurance Rating.
The calculated ratio in part (a) does not depend on the occupancy class.
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7. (7.5 points) An actuary is pricing a workers compensation policy. Given the following:
Policy Effective Date January 1, 2020

Policy Term One year

Annual Loss Trend 4.5%

Cap for individual claims $100,000

Credibility factor 0.40

Expected ultimate loss before modification $1,064,000
As of June 30, 2019, ground up reported losses are:

Policy Year Total Reported Loss Individual Claims over $100,000Individual Claims over $100,000

2016 $392,457 $128,305

2017 $1,013,863 $525,626 $152,860

2018 $459,798 $275,865

2019 $181,325 None
The following limited loss development factors (LDFs) apply to this policy:

Maturity to Ultimate Limited LDF

42 months 1.052

30 months 1.094

18 months 1.286
Based on an internal study, the actuary believes that claim severity follows a shifted Pareto
distribution with α = 1.3 and β = 22,800.

" " " " CONTINUED ON NEXT PAGE
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The following expenses apply to this policy:
Loss Adjustment Expense (LAE) 7.5% of loss

Taxes and Fees 3.5% of gross premium

Acquisition 17% of gross premium

Profit and Contingencies 0% of gross premium

a. (2.25 points) Calculate the expected ground up reported loss limited to $100,000 per claim for 
" this insured for the three years of experience combined.
b. (1.5 points) Calculate the total modified ground up unlimited expected loss for this policy.
c. (0.25 point) Alternatively, the actuary could have trended and developed reported losses to 
" the cost level of the prospective policy period. Briefly explain why this approach would not 
" produce an identical modification factor.
d. (0.5 point) Calculate the guaranteed cost premium for this insured.

" " " " CONTINUED ON NEXT PAGE
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The insurer's management is concerned about capacity on risks of this type. To address these
concerns, they are requiring facultative reinsurance to support this account. Under the treaty, 
the reinsurer would assume all aggregate losses between $2,000,000 and $4,000,000. The 
primary insurer will retain all LAE.
The primary insurer's actuary believes the following Table M and the associated expected loss
groupings (ELGs) are appropriate for risks of this type:

ELG Loss Range ELG

31 $730,000 - 820,000

30 $820,001 - 930,000

29 $930,001- 1,090,000

28 $1,090,001 - 1,280,000

27 $1,280,001 - 1,515,000

26 $1,515,001 - 1,844,000

ELGELGELGELGELGELG

Entry Ratio 31 30 29 28 27 26

1.50 0.1876 0.1764 0.1649 0.1529 0.1442 0.1343

1.75 0.1490 0.1376 0.1257 0.1131 0.1048 0.0963

2.00 0.1195 0.1083 0.0964 0.0838 0.0762 0.0692

2.25 0.0968 0.0859 0.0745 0.0623 0.0555 0.0497

2.50 0.0791 0.0687 0.0579 0.0465 0.0404 0.0357

2.75 0.0652 0.0554 0.0453 0.0347 0.0295 0.0257

3.00 0.0541 0.0450 0.0356 0.0260 0.0215 0.0185

3.25 0.0452 0.0367 0.0282 0.0196 0.0157 0.0133

3.50 0.0380 0.0302 0.0224 0.0148 0.0115 0.0096

3.75 0.0321 0.0250 0.0179 0.0111 0.0084 0.0069

4.00 0.0273 0.0207 0.0144 0.0084 0.0062 0.0050
e. (1.5 points) Calculate the loss expected to be ceded to the reinsurer under this treaty. 
" Round to the nearest entry ratio (i.e., do not interpolate).
f. (1 point) A reinsurer has quoted a premium of $200,000 for this treaty. Calculate the premium 
" the primary insurer must charge in order to maintain the same underwriting profit.
g. (0.5 point) Explain how the assumptions of the primary insurer's actuary may have resulted in 
" an inequitable premium calculated in part f. above. 
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7. (a) Assume that $1,064,000 is the expected unlimited ultimate loss before modification.

For the shifted Pareto: E[X; x]/E[X] = 1 - β
x+β

⎛
⎝⎜

⎞
⎠⎟
α-1

.

Thus E[X; 100,000] / E[X] = 1 - 22,800
100,000 + 22,800

⎛
⎝⎜

⎞
⎠⎟

0.3
 = 0.3966.

Thus, the expected limited ultimate loss is: (0.3966)($1,064,000) = $421,982.
2019 is too immature for use in experience rating. For the each of the three years used we need 
to detrend and back out the loss development to ultimate.
For example, 1/1.0454 = 0.8386, and 1/1.052 = 0.9506.

Policy Year Expected
Limited Detrend Factor Percent of 

Ultimate
Expected 
Reported

2016 $421,982 0.8386 0.9506 $336,367

2017 $421,982 0.8763 0.9141 $338,009

2018 $421,982 0.9157 0.7776 $300,483

Total $974,859

(b) We need to determine the reported limited losses for each of the three years.
For example, 392,457 - 28,305 = 364,152.

Policy Year Total Reported Loss Individual Claims over $100,000Individual Claims over $100,000 Limited Losses

2016 $392,457 $128,305 $364,152

2017 $1,013,863 $525,626 $152,860 $535,377

2018 $459,798 $275,865 $283,933

Total $1,183,462

Then the experience mod is: (0.4)(1,183,462 / 974,859) + 1 - 0.4 = 1.086.
Thus the total modified ground up unlimited expected loss for this policy is:
(1.086) ($1,064,000) = $1,155,504.

(c) There is no mathematical reason why it would; the two approaches give different relative 
weights to the contributions of the three individual policy years. If for example, the reported 
limited losses in PY18 were unusually large, then in this alternate approach these losses would 
be multiplied by the large development factor to ultimate of 1.286. The trended and developed 
reported losses to the cost level of the prospective policy period depend on the reported limited 
losses by policy year rather than just the total reported limited losses. In contrast, the 
experience mod previously calculated only depended on the total reported limited losses.
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 (d) Using the result of part (b): (1.075)(1,155,504)
1 - 3.5% - 17% - 0%

 = $1,562,474.

(e) Using the result of part (b): $1,155,504 ⇒ ELG 28.
2 million / 1,155,504 = 1.73.  Lookup entry ratio 1.75.  φ(1.75) = 0.1331.
4 million / 1,155,504 = 3.46.  Lookup entry ratio 3.50.  φ(3.50) = 0.0148.
The loss expected to be ceded: (0.1131 - 0.0148) ($1,155,50) = $113.586.

(f) Net expected loss: 1,155,504 - 113,586 = $1,041,918.
Total LAE is: (7.5%)(1,155,504) = $86,663.
Cost of reinsurance is $200,000.
We want profit and contingencies load of zero.
1,041,918 + 86,663 + 200,000

1 - 3.5% - 17% - 0%
 = $1,671,711.

(g) The riskiness for the insurer is lower when it buys excess of loss reinsurance protection than 
when it did not. Therefore, the appropriate profit and contingency load should be less than it 
was. Yet in part (f) we used the same 0% loading as in part (b). Thus the rate determined in 
part (f) is probably excessive. 
Alternately, the severity was assumed to follow a shifted Pareto distribution with α = 1.3 and 
β = 22,800.  A particular Table M was also assumed to be appropriate. These two assumptions 
may not be consistent; specifically, the Pareto severity may not be consistent with the aggregate 
distribution underlying the given Table M.
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Comment: The information I used for the Shifted Pareto Distribution was given in a formula 
sheet at the front of this exam.
Similar to the Experience Rating Example in the Case Study of “Individual Risk Rating”.

In part (a), the CAS allowed an alternate solution in which one assumed instead that 1,064,000 
is the expected limited ultimate loss before modification. The answer is then: 

Policy Year Expected
Limited Detrend Factor Percent of 

Ultimate
Expected 
Reported

2016 $1,064,000 0.8386 0.9506 $848,127

2017 $1,064,000 0.8763 0.9141 $852,267

2018 $1,064,000 0.9157 0.7776 $757,649

Total $2,458,042
This alternate answer to part (a) would then produce different answers in subsequent parts.

Calculating the Experience Modification in the manner discussed in part (c):

Policy Year Limited Losses Trend Factor Loss Devel.
Factor

Trended
Ultimate Losses

2016 $364,152 1.1925 1.052 $456,839

2017 $535,377 1.1412 1.094 $668,384

2018 $283,933 1.0920 1.286 $398,740

Total $1,183,462 $1,523,963

The expected ultimate limited loss for three years is: (3)(421,982) = 1,265,946.
The experience mod is: (0.4)(1,523,963 / 1,265,946) + 1 - 0.4 = 1.082,
close to the mod calculated in part (b), but not the same.
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8. (1.5 points)
Given the following for a policy:
● Basic Limit = 100,000
● Expected Basic Limit Indemnity = 65,000
● Allocated Loss Adjustment Expense (ALAE) = 20% of Indemnity
● Unallocated Loss Adjustment Expense = 1.5% of Indemnity and ALAE
● All other expenses are variable and are 15% of the premium
● Risk load = 0%
● Profit load = 2.5%
● The following table shows Indemnity-only limited expected severity:

Limit L E[X; L]

100,000 58,750

200,000 100,000

500,000 156,250

1,000,000 218,750
Calculate the premium for this policy with a 500,000 limit over a 500,000 deductible.

8. Expected Losses for the covered layer: 
(65,000) (218,750 - 156,250) / 58,750 = 69,149.
Premium: (1.015)(1.20)(69,149) / (1 - 0.15 - 0.025) = 102,089.
Comment: From the CAS Examinerʼs Report: “As the question did not specify the profit as a 
percentage of premium, candidates assuming the profit as a percentage of loss also received 
credit. Candidates also received credit by assuming the ALAE and ULAE were a percent of 
ground-up losses.”
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9. (1 point) An insurer's risk classification system contains four classes (A, B, C, and D). 
The insurer is considering using experience rating to rate all four classes.
Given the following:

Low Variance of 
Hypothetical Means 

within Class 

High Variance of
Hypothetical Means

within Class

Low Expected Value of
Process Variance Class A Class B

High Expected Value of
Process Variance Class C Class D

From the insurer's perspective, briefly explain the class for which experience rating is expected
to be the most useful and the class for which experience rating is expected to be the least 
useful.

9. For experience rating, the credibility is larger the more heterogeneous the risks within each 
class are; in other words, the credibility is larger when there is a high variance of the 
hypothetical means within a class,
For experience rating, the credibility is larger the smaller the random fluctuation in an individual 
insuredʼs experience from year to year; in other words, the credibility is larger the smaller the 
expected value of the process variance.
Thus, experience rating is expected to be the most useful for Class B and least useful for 
Class C.

K = expected value of the process variance
variance of the hypothetical means

. 

Thus K is largest for Class C and smallest for Class B. 

Thus for an insured of a given size E, Z = E
E + K

 is smallest for Class C and largest for Class B.

Comment: When instead doing classification ratemaking, the whole state is the larger object, 
while the class is the subset. Thus the class experience would get more credibility when the 
expected value of the process variance for a class is small and the variance of the hypothetical 
means between classes is large.
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10. (1.5 points) An actuary has created new models to calculate the experience modification 
factor for two lines of business.
Given the following:
● Line of business 1 (currently does not use experience rating)

● Line of business 2 (currently uses experience rating)

   
Line of Business 2 Efficiency Test

Current Plan 0.0346

Proposed Plan 0.1184
For both lines of business, assume that the cost of implementation is negligible.
a. (0.5 point) For line of business 1, evaluate whether the new experience modification should 
" be implemented.
b. (0.5 point)
For line of business 1, describe a way to improve the results of the experience modification.
c. (0.5 point) For line of business 2, evaluate whether the proposed plan should be used.
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10. (a) The standard loss ratios are more similar across the quantiles than without experience 
rating (the manual loss ratios.) Thus the new experience modification is correcting for risk 
differences; it should be implemented.
(b) If the credibility were increased somewhat, the experience modifications would be further 
from one. This would decrease the standard premium in the first two quintiles and increase the 
standard premium in the last two quintiles. This would increase the standard loss ratios in the 
first two quintiles and reduce the standard loss ratio in the last two quintiles. Thus increasing the 
credibility somewhat will make the standard loss ratios more similar across the quintiles, 
improving the results of the experience rating plan. 
(c) The proposed plan has a larger and thus worse efficiency test statistic than the current plan, 
and thus should not be used. 
Also, the standard loss ratios for the proposed plan are less similar across quintiles than they 
are for the current plan. Thus the proposed plan should not be used.
Comment: Usually the quintiles are based on the experience mods and we graph subsequent 
standard loss ratios. It is unclear how the quintiles in the second graph were determined; were 
these quintiles determined based on mods from the current plan or the proposed plan or 
neither?

The efficiency test statistic is: the variance of the standard loss ratios
the variance of the manual loss ratios

; smaller is better. 
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11. (3.75 points) 
Consider the following sample of five insurance risks which have been experience rated:

Risk Mod Manual Loss Ratio Standard Loss Ratio

1 0.60 0.60 1.00

2 0.79 0.80 1.01

3 X 0.96  Y

4 1.10 1.10 1.00

5 1.14 1.15 1.01

The actual claims for Risk 3 in the experience period are as follows:
Claim # Incurred Loss Amount

1 3,200

2 3,000

3 2,800

4 2,700

5 3,300

6 2,900

7 10,000

8 3,100

9 3,000

10 3,100

Total 37,100

● Expected Losses for Risk 3 in the experience period = 32,000
● Credibility factor = 0.75
a. (0.5 point) Calculate the modification factor, X, for Risk 3.
b. (0.5 point) Provide a recommendation to improve the effectiveness of experience rating for 
" Risk 3 and briefly justify.
c. (2.75 points) Show, quantitatively, that the recommendation in part b. above improves the 
" plan. Assume no other risks are impacted by the recommendation.
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11. (a) (0.75)(37,100/32,000) + 1 - 0.75 = 1.12.

(b) The Standard Loss Ratio for Risk 3 is: 0.96/1.12 = 0.857.
We would prefer that the Standard Loss Ratios be similar for all risks, yet the Standard Loss 
Ratio for Risk 3 is much smaller than the others.
Thus I would give the experience of Risk 3 less credibility, for example 70%.
Alternately, the claim of 10,000 has a large effect on the mod of Risk 3. Thus capping the losses 
entering the plan at for example 4000, would includes all of the smaller claims but would prevent 
larger claims from unduly affecting the mod.

(c)  Reducing the credibility to 70%:
The mod for Risk 3 would now be: (0.70)(37,100/32,000) + 1 - 0.70 = 1.11.
The Standard Loss Ratio for Risk 3 is now: 0.96/1.11 = 0.865, more similar to the others.

(Note the efficiency test statistic is: the variance of the standard loss ratios
the variance of the manual loss ratios

; smaller is better.

● There are only 5 risks, so each quintile consists of a single risk.
● Thus the variance of manual loss ratios in the denominator will not change.
● The standard loss ratios for the other four risks are specified to remain the same.
● The standard loss ratios for the other four risks are very similar to each other, while the 
"  standard loss ratio for Risk 3 is very different from the others.
Thus, if the standard loss ratio for Risk 3 becomes more similar to the others, the variance 
of the standard loss ratios will decrease; therefore, the efficiency statistic will decrease, which 
indicates an improvement in the experience rating plan.)
Alternately, capping the losses entering the plan at 4000, and assuming the credibility remains 
the same:
For risk 3, limiting each loss to 4000 reduces the total by 6000; limited losses are 31,100.
These actual limited losses should be compared to the expected limited losses.
There is not enough information provided to determine the expected limited losses;
I will assume they will be reduced from 32,000 to 30,000.
The mod for Risk 3 would now be: (0.75)(32,100/30,000) + 1 - 0.75 = 1.05.
The Standard Loss Ratio for Risk 3 is now: 0.96/1.05 = 0.914, more similar to the others.

Comment: In my opinion, a question with negative educational value.
One should not evaluate an experience rating plan by examining the results for only five risks 
over a single period of time.
We do not have enough information to determine exactly what the change in the Experience 
Rating Plan in part (b) would do to the mods of the other risks. However, it is totally unrealistic to 
assume that changes to the plan would only affect the mod of one risk.
When losses are capped (as in the ISO Plan), the credibility assigned to each insuredʼs data 
changes; solely for simplicity one can assume that here it would remain the same.
In part (b), one could suggest changing to a single split plan (as per the NCCI plan). However, 
we do not have enough information to determine what the new mod for Risk 3 would be if we 
made this change, making it extremely hard if not impossible to answer part (c).
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For part (c), from the CAS Examinerʼs Report: “Candidates were expected to calculate a new 
mod and standard loss ratio (X & Y) based on the recommendation in part b, perform an 
efficiency test on both the original and recommended experience rating plans, and explain the 
result of the test. Full credit was given for various forms of variance calculation (e.g., sample or 
population variance or standard deviation). Partial credit was awarded for a qualitative response 
based on the quintiles test. Candidates should note, though, that Fisher et. al. (p. 10) specifies 
that the quintiles test is a qualitative test (observing general trends), and this question 
specifically asked for a quantitative demonstration (calculating and comparing two quantities to 
support a conclusion).” 
In the very simplified situation in this question, using the efficiency test is like using a sledge 
hammer to crack an already shelled walnut. The efficiency test was developed to deal with 
complicated real world situations involving hundreds or thousands of risks rather than only five 
risks, and where the mods for most if not all risks are affected by any plan changes rather than 
only one risk being affected. 
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12. (2 points) An actuary is assessing the current Table M underlying the pricing of a book of 
business. All policies within the book of business have identical expected losses and are 
expected to have exactly one claim during the policy period. The actuary divides the book of 
business into two subsets of policies, Subset A and Subset B, and finds the following 
distributions of aggregate losses:

"

"
a. (0.5 point) Discuss why the current Table M may not be appropriate for this book of business.
b. (1 point) Using the observations in Subset B, calculate the insurance charges associated with 
" the following claim sizes:
" i. 10,000
" ii. 40,000
" iii. 80,000
c. (0.5 point) Briefly describe two considerations when using the Table M calculated.in part b. 
" above to support the creation of a Table M for a different line of insurance.
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12. (a) Subset B has a larger coefficient of variation than Subset A, resulting in very different 
insurance charges; thus Subset B has higher insurance charges than subset A.  Assume that 
the actuary has identified two subsets with a systematic difference. Assuming the current Table 
M was based on data for all risks combined, its insurance charges would be inappropriate for 
the risks in each subset. 
(b) Insurance Charge at $10,000 (as a dollar amount): {(3)(30,000) + 70,000)}/10 = 16,000.
Insurance Charge at $40,000 (as a dollar amount): 40,000/10 = 4,000. 
Insurance Charge at $80,000 (as a dollar amount): 0.
For Subset B, the expected losses are: {(6)(10,000) + (3)(40,000) + 80,000}/10 = $26,000.
Insurance Charge at $10,000 (as a percent): 16,000/26,000 = 0.6154.
Insurance Charge at $40,000 (as a percent): 4,000/26,000 = 0.1538. 
Insurance Charge at $80,000 (as a percent): 0.
(c) 1. The distribution of aggregate losses for the other line of business may have a different 
shape (different coefficient of variation and skewness) than the distribution of aggregate losses 
underlying Subset B, which should result in different insurance charges.
2. The other line of insurance may have a different average severity. In that case, one would 
need to adjust for this different severity when choosing a column of Table M, in a manner similar 
to the adjustment for the state and hazard group relativity. 
3. The Table M in part (b) is based on only 10 risks, which is too little data to be fully credible.
4. The other line of insurance may have (different) policy limits, which would affect the 
appropriate insurance charges.
5. The other line of business should have a similar expected aggregate loss as that of the data 
used to construct this Table M, around 26,000.
Comment: For Subset A, the expected losses are:
{(5)(20,000) + (4)(30,000) + 40,000}/10 = $26,000.
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13. (2 points) For a given policy that provides fIrst dollar coverage, there is a 50% probability 
that no claims will occur during the policy period. Given that a claim does occur, the frequency 
distribution is shown below:

Number of Claims Probability

1 70%

3 20%

5 10%
The claim-size variable X for this policy follows a shifted Pareto distribution with the following
characteristics:
● ex(6,000) = 15,000
● E[X] = 3,000
● E[X; 4,000] = 1,433.30
a. (1.5 points)
Calculate the expected aggregate loss in the layer 1,000 excess of 4,000 for this policy.
b. (0.5 point) Explain one difficulty that can arise when trying to fIt an aggregate loss distribution 
" function to losses in an excess layer.
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13. (a) I am assuming that the layer is on a per claim basis.
The expected frequency is: (50%) {(70%)(1) + (20%)(3) + (10%)(5)} = 0.9.

E[X] = β
α - 1

 = 3,000.

ex(6000) = 6000 + β
α - 1

 = 15,000.

Dividing the second equation by the first: (6000 + β) / β = 5. ⇒ β = 6000/4 = 1500. 

⇒ α = 1 + 1500/3000 = 1.5.

E[X; 5,000] = β
α - 1

 [1 - β
x+β

⎛
⎝⎜

⎞
⎠⎟
α-1

] = 3000 [1 - 1500
5000 + 1500

⎛
⎝⎜

⎞
⎠⎟

0.5
 ] = 1558.85. 

The contribution per loss to the layer is: 
E[X; 5,000] - E[X; 4,000] = 1558.85  - 1433.30 = 125.55.
The expected aggregate loss in the layer is: (0.9)(125.55) = 113.
(b) There tends to be relatively little data in an excess layer with few claims penetrating the 
layer; the higher the layer the less data there will be. This creates credibility concerns. 
Also, each large claim which exhausts the layer will contribute the width of the layer to the 
aggregate losses. Thus due to the small number of large claims, there are jump discontinuities 
of substantial size in the empirical aggregate distribution for the layer. This complicates the task 
of approximating this empirical distribution with one of the continuous models.
Alternately, for most distributions, there is no allowance for the loss free scenario when there are 
no aggregate losses in the excess layer.
Alternately, aggregate losses in a layer can be very volatile; the wider and higher the layer the 
more volatile the aggregate losses will be.
Alternately, it can be difficult to properly take into account trend, since the rate of inflation of a 
layer will be different than the overall rate of inflation.
Alternately, it can be difficult to properly take into account development, as the pattern of 
development for a layer will be different than the overall pattern.
Comment: The information I used for the Shifted Pareto Distribution was given in a formula 
sheet at the front of this exam.

Check: E[X; 4,000] = β
α - 1

 [1 - β
x+β

⎛
⎝⎜

⎞
⎠⎟
α-1

] = 3000 [1 - 1500
4000 + 1500

⎛
⎝⎜

⎞
⎠⎟

0.5
 ] = 1433.30.

For part (b), see Figure 5.4 in Bahnemann. 
The CAS Examinerʼs Report did not include any of my alternate solutions to part (b).
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14. (2 points) An insured is written under a retrospective rating plan with a minimum and a 
maximum premium with the following parameters:

Loss Conversion Factor 1.07

Expected Loss $825,000

Expenses $20,000

ϕ(rG) 0.40

ϕ(rH) 0.80

rG 1.21

rH 0.50

a. (1 point) Calculate the basic premium.
b. (1 point) Upon renewal, the insured requests that a per occurrence claim limit of $200,000 be 
" added to the current policy. The pricing actuary estimates that, on average, the insured 
" will have $400,000 of losses that exceed this per occurrence limit during the next policy 
" period. To calculate the expected increase to the basic premium, the actuary loads the 
" $400,000 for" expenses and profit.
" Fully discuss the appropriateness of the actuary's methodology.

14. (a) ψ(rH) = ϕ(rH) + rH - 1 = 0.8 + 0.5 - 1 = 0.3.
Converted Net Insurance Charge is: (1.07)(0.40 - 0.30)(825,000) = 88,275.
If the given expenses include LAE:
Basic Premium is: 88,275 + 20,000 - (0.07)(825,000) = 50,525. 
Alternately, if the given expenses do not include LAE:
Basic Premium is: 88,275 + 20,000 = 108,275.
(b) It would be okay to either include the charge for the occurrence limit in the basic premium or 
as a separate charge.
However, the amount included by the actuary would be too big, since it ignores the overlap 
between the maximum premium and the occurrence limit. Some of the $400,000 expected to 
exceed the occurrence limit would never have entered into the calculation of the retro premium 
due to the maximum premium. The actuary's methodology is not appropriate.
Comment: In part (b), the actuary could solve this problem by using either a limited Table M,
Table L, or the ICRLL procedure.
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The following Lee Digram illustrates the overlap between the maximum premium and the 
occurrence limit. F is the distribution function without an accident limit and F* is the distribution 
function with an accident limit. The entry ratio rG corresponds to the maximum premium.

       
"
Area A is eliminated by the maximum premium from the calculation of the retro premium. 
(Both Area A and Area B are eliminated by the maximum premium.)
However, Area A is above the graph of F* the distribution with an accident limit. 
Thus Area A is also eliminated by the accident limit from the calculation of the retro premium. 
(Both Area A and Area C are eliminated by the accident limit.) 
Area A represents the overlap between the maximum premium and the accident limit.
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15. (3.5 points) An actuary is pricing a retrospectively rated policy with a per occurrence limit of 
20,000 and no minimum or maximum ratable loss.
Using claim data from a group of similar policies, the actuary fit the following regression line to
the excess severity to estimate losses using the shifted Pareto distribution. 
The fitted regression function is y = 0.4467x + 16,112 with R2 = 0.9826.

"

Given the following:

Included in:

Loss adjustment expenses as a percentage of loss 10% Loss conversion factor

Commission as a percentage of retrospective premium 9% Tax multiplier

Premium tax as a percentage of retrospective premium 8% Tax multiplier

Fixed overhead expenses 50,000 Basic premium

Underwriting profit as a percentage of expected excess loss 6% Basic premium

● The number of claims for ground up losses is Poisson distributed with λ = 15.
a. (2 points) Calculate the basic premium.
b. (1 point) Assuming that actual limited losses equal half the expected limited losses, 
" calculate the retrospective premium.
c. (0.5 point)"Assess the actuaryʼs decision to use the shifted Pareto distribution to estimate 
" excess severity.
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15. (a) For the Shifted Pareto ex(x) = x + β
α - 1

.

Thus based on the fitted straight line: 0.4467 = 1/(α-1), and 16,112 = β/(α-1). 
⇒ α = 3.239, and β = 36,069.

The mean (unlimited) severity is: β/(α-1) = 16,112.
The expected frequency is 15.
Thus the expected (unlimited) losses are: (15)(16,112) = 241,680.

E[X; x] = β
α - 1

 [1 - β
x+β

⎛
⎝⎜

⎞
⎠⎟
α-1

].

E[X; 20,000] = (16,112) [1 - 36,069
36,069 + 20,000

⎛
⎝⎜

⎞
⎠⎟

2.239
]  = 10,112.

Thus the expected limited losses are: (15)(10,112) = 151,680.
Thus the expected excess losses are: 241,680 - 151,680 = 90,000.
Thus the loading for profit is: (6%)(90,000) = 5400.
Expense in the BasIc Premium = 50,000 + 5400 = 55,400.
With no minimum or maximum ratable loss, there is no Net Insurance Charge.
Assuming there is a separate charge for the occurrence limit, the basic premium is: 55,400.
Alternately, one can include the charge for the per occurrence limit in the basic premium; in that 
case the basic premium would be: 55,400 + 99,000 = 154,400.
(b) Half of the expected limited losses are: 151,680/2 = 75,840.
We need to charge for the per occurrence limit.
The expected excess losses are 90,000.
Thus loading for LAE, and prior to the tax multiplier, the charge for the per occurrence limit is:
(1.1)(90,000) = 99,000.
The Tax Multiplier is: 1/(1 - 9% - 8%) = 1.205.
Retro Premium is: (1.205) {(1.1)(75,840) + 55,400 + 99,000} = 286,578.
(c) The shifted Pareto has eX(x) linear in x. The excess severity is fit well by a straight line, with 
a high R2. Therefore, the actuaryʼs decision to use the shifted Pareto distribution to estimate 
excess severity seems to be a good decision.
Alternately, the slope of the regression line is sensitive to the size of the largest claims, and the 
calculated distribution parameters could be significantly affected by changes in just a few of 
these values. This could significantly alter the values calculated in part (a). Therefore, the 
actuaryʼs decision is questionable.
Comment: The information I used for the Shifted Pareto Distribution was given in a formula 
sheet at the front of this exam.
In part (c), note that the mean excess severity does not depend on the behavior of losses 
smaller than the limit. Therefore, if the fitted line were only based on ex(x) for values x greater 
than some minimum value, such as for example 10,000, it would not necessarily imply that the 
Shifted Pareto is a good model for the ground-up losses.
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16. (3 points) The loss experience of five similarly sized risks is shown in the table below:

Risk 
Aggregate 
Unlimited 

Loss 

Aggregate
Limited
Loss

1 30,000 30,000

2 95,000 60,000

3 110,000 90,000

4 160,000 60,000

5 415,000 360,000

Total 810,000 600,000
Limited losses have a per-occurrence limit of 50,000 applied.
a. (1.5 points) Construct a Limited Loss Table M based on the experience above, displaying    
   entry ratios ranging from 0 to 3 in increments of 0.5 and the corresponding insurance charges.
b. (1.5 points) An insured similar to the risks above is evaluating three potential policies:
1. A guaranteed cost policy
2. A large dollar deductible policy with a 50,000 per-occurrence limit
3. A retrospectively rated policy with an underlying 200,000 aggregate limit and no per 
" occurrence limit
Given the following:
● The insured would like to minimize cost
● Maintaining a stable, predictable cash flow is a priority for the insured
● The insured has recently implemented a successful claim severity reduction program
Briefly discuss one advantage and one disadvantage of each of the three policies from the
perspective of this insured.
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16. (a) Sort the limited losses from smallest to largest.
The mean limited loss is: 600,000/5 = 120,000.
For each insured, the entry ratio is: (limited losses) / (mean limited losses).

Risk Aggregate Limited Loss Entry Ratio

1 30,000 0.25

2 60,000 0.50

4 60,000 0.50

3 90,000 0.75

5 360,000 3.00

Total 600,000
For example, 11/20 = 0.55.

Entry Ratio # of Risks Sum Up Double Sum Up Charge Savings

0.00 0 5 20 1.0000 0.0000
0.25 1 4 15 0.7500 0.0000
0.50 2 2 11 0.5500 0.0500
0.75 1 1 9 0.4500 0.2000
1.00 0 1 8 0.4000 0.4000
1.25 0 1 7 0.3500 0.6000
1.50 0 1 6 0.3000 0.8000
1.75 0 1 5 0.2500 1.0000
2.00 0 1 4 0.2000 1.2000
2.25 0 1 3 0.1500 1.4000
2.50 0 1 2 0.1000 1.6000
2.75 0 1 1 0.0500 1.8000
3.00 1 0 0 0.0000 2.0000
3.25 0 0 0 0.0000 2.2500

Alternately, insurance charge at 0 is: 1.

Insurance charge at 0.5 is: (0.75 - 0.50) + (3.00 - 0.50)
5

 = 0.55.

Insurance charge at 1.0 is: (3 - 1)/5 = 0.4.
Insurance charge at 1.5 is: (3 - 1.5)/5 = 0.3.
Insurance charge at 2.0 is: (3 - 2)/5 = 0.2.
Insurance charge at 2.5 is: (3 - 2.5)/5 = 0.1.
Insurance charge at 3.0 is: (3 - 3)/5 = 0.
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(b) 1. Advantage: The guaranteed cost policy would maintain a stable, predictable cash flow; 
the premiums do not fluctuate from year to year based on this insuredʼs experience on the given 
policy.
Disadvantage: The recently implemented successful claim severity reduction program would not 
be reflected; this would not minimize this insuredʼs costs.
2. Advantage: The recently implemented successful claim severity reduction program would be 
reflected under the large dollar deductible policy. This should reduce costs compared to the 
guaranteed cost policy. (With the 50,000 per occurrence limit, the insured will not get the full 
benefit of the severity reduction program.) Also the LDD has lower upfront cost.
Also the LDD has a smaller premium, resulting in a savings on premium taxes and any premium 
based assessments.
Disadvantage: The premiums will fluctuate from year to year based on this insuredʼs experience 
on the given policy; the cash flow would not be stable. The insured would have to reimburse the 
insurer for paid losses below the deductible amount; the timing and amount of such payments is 
not predictable.
3. Advantage: The recently implemented successful claim severity reduction program would be 
reflected under the retro. This should reduce costs compared to the guaranteed cost policy. 
(With no occurrence limit, the insured should get more benefit of the severity reduction program 
than under the large deductible policy.)
Disadvantage: The premiums will fluctuate from year to year based on this insuredʼs experience 
on the given policy; the cash flow would not be stable. The insured would be subject to a series 
of retrospective premium adjustments; the amount of such adjustments is not predictable.
(With an $200,000 aggregate limit, the retro will protect the insured from the effect of a really 
bad year compared to the large deductible policy with no aggregate limit.) 
Comment: For part (a), see Steps 6 and 7 of the Case Study for “Individual RIsk Rating.”
In my spreadsheet I calculated more insurance charges than asked for, and also showed the 
savings. 
Since there are no risks with entry ratios between 1 and 3, the insurance charges decrease 
linearly from an entry ratio of 1 to an entry ratio of 3.
Insurance charges from Limited Table M would need to be multiplied by Expected Limited 
Losses.
After several years, the recently implemented successful claim severity reduction program 
should find its way into this insuredʼs experience modification. This should result in a somewhat 
lower experience modification. However, the experience rating plan reflects frequency more 
than severity, and therefore the reduction in experience mod will probably not fully reflect the 
expected impact of the claim severity reduction program.
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17. (3 points) An insurer is deciding on a proportional reinsurance strategy for the upcoming two 
years. A reinsurer proposes the following sliding-scale commission with a carry-forward 
provision. The contract will be identical for the second year.

Minimum Commission: 12.5% at an 80% loss ratio

Sliding 1:1 to 27.5% at a 65% loss ratio

Sliding 0.5:1 to a Maximum 35% at a 50% loss ratio
Assume the insurer places no value on the carry-forward provision after the second year, 
and ignore the time value of money (i.e., assume a 0% interest rate).
The following table details the expected loss distribution of the underlying business:

Range of 
Loss Ratios 

Average Loss Ratio 
in Range 

Probability of Being
in Range

0% - 50% 43% 0.15

50% - 60% 57% 0.25

60% - 80% 68% 0.45

80% or above 85% 0.15
Calculate the reinsurer's expected technical ratio for each year if the insurer buys the 
sliding-scale commission contract for both years.
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17.  The average loss ratio is: 
(0.15)(43%) + (0.25)(57%) + (0.45)(68%) + (0.15)(85%) = 64.05%.
For a loss ratio of 57%, the ceding commission is: 35% - 7%/2 = 31.5%.
For a loss ratio of 68%, the ceding commission is: 27.5% - 3% = 24.5% 

Range of 
Loss Ratios 

Average Loss Ratio 
in Range 

Probability of 
Being in Range

Ceding 
Commission

Carry
Forward

0% - 50% 43% 0.15 35%

50% - 60% 57% 0.25 31.5%

60% - 80% 68% 0.45 24.5%

80% or above 85% 0.15 12.5% 5%
The average ceding commission for the first year is:
(0.15)(35%) + (0.25)(31.5%) + (0.45)(24.5%) + (0.15)(12.5%) = 26.025%
The reinsurer's expected technical ratio for the first year:
expected loss ratio + expected commission = 64.05% + 26.025% = 90.075%.
If there is no carry-forward, then the average commission in year two is the same as that in year 
one: 26.025%.
On average there will be a 5% carry-forward when the loss ratio in the first year is above a loss 
ratio of 80%; this has a 15% chance. For the second year with a 5% carry-forward:

Range of 
Loss Ratios 

Average Loss Ratio 
in Range 

Probability of 
Being in Range

Average Loss 
Ratio 

plus 5% 
Ceding 

Commission

0% - 50% 43% 0.15 48% 35%

50% - 60% 57% 0.25 62% 29%

60% - 80% 68% 0.45 73% 19.5%

80% or above 85% 0.15 90% 12.5%
For a loss ratio of 62%, the ceding commission is: 35% - 12%/2 = 29.0%.
For a loss ratio of 73%, the ceding commission is: 27.5% - 8% = 19.5%. 
The average ceding commission for second year with 5% carry-forward is:
(0.15)(35%) + (0.25)(29%) + (0.45)(19.5%) + (0.15)(12.5%) = 23.15%.
Combining the two cases, the average commission for the second year is:
(15%)(23.15%) + (1 - 15%)(26.025%) = 25.594%.
The reinsurer's expected technical ratio for the second year: 64.05% + 25.594% = 89.644%.
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Comment: Unusually, here the ranges in the data do not match up with the breakpoints in the 
schedule of sliding scale commissions. This introduces a small inaccuracy in the calculation of  
the expected ceding commissions using the average loss ratio for a range.
In the calculation of the effect of the carry-forward, for the first interval, I have ignored cases 
where the loss ratio is for example 49%, and thus with the 5% carry-forward the ceding 
commission is less than 35%. Thus for the first interval, the average ceding commission would 
be slightly less than 35%.
In the calculation of the effect of the carry-forward, for the third interval, I have ignored cases 
where the loss ratio is for example 79%, and thus with the 5% carry-forward the ceding 
commission is 12.5%. Thus for the third interval, the average ceding commission would be 
slightly more than 19.5%.
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18. (5.5 points) A property insurer has an existing Quota Share reinsurance treaty in place.
The insurer would like to further reduce its net loss exposure by exploring a proposed 
Property Per Risk Excess reinsurance treaty. Given the following:

Existing Quota Share Reinsurance Treaty
● 25% Quota Share
● 15% Ceding Commission

Proposed Property Per Risk Excess Reinsurance Treaty
● Subject premium of $100 million net of the Quota Share reinsurance treaty
● Covers net losses in excess of $500,000, up to a limit of $500,000
● The Quota Share reinsurance treaty will inure to the benefit of this treaty
● Ceded Loss Ratio for this Excess layer is estimated to be 90%

The table below illustrates the insurer's historical experience data net of the Quota Share that is
subject to the proposed Property Per Risk Excess layer:

Historical
Accident Year

On Level Subject 
Earned Premium 

($ millions) 

On Level Trended 
Ultimate Subject 

Loss Ratio 

On Level Trended
Ultimate Layer

Loss Cost

2014 100 75% 25%

2015 120 75% 30%

2016 150 90% 45%

2017 80 75% 24%

2018 100 80% 36%
a. (0.5 point) Calculate the loss cost of the Property Per Risk Excess layer using all 5 years of 
historical experience data provided.
b. (1 point) Assume that the following exposure curve definition applies to 
" the Property Per Risk Excess layer:

" G(x) = 1 - 0.32428x

1 - 0.32428
where G(x) represents the ratio of pure risk premiums retained by the insurer, and x
represents the ground up loss normalized to the maximum possible loss of $1 million.
Calculate the loss cost of the Property Per Risk Excess layer retained by the reinsurer based
on the exposure curve.
c. (0.5 point)
Calculate the loss cost of the Property Per Risk Excess layer using a blend of the experience
loss cost and the exposure loss cost based on a credibility weight of 80%.

" " " CONTINUED ON NEXT PAGE
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d. (2 points) 
The insurer's historical gross expenses are estimated to be 15% of historical gross premiums.
Calculate the insurer's expected net underwriting profit after application of both the existing
Quota Share reinsurance treaty and the proposed Property Per Risk Excess reinsurance treaty.

The insurer is also exploring the following proposed modifications to the Quota Share
reinsurance treaty:
  ● Option 1: Profit Commission equal to 100% of reinsurer profit above a 5% reinsurer margin
  ● Option 2: 20% Ceding Commission
e. (1 point) Calculate the 5 year weighted average ratio of profit commission to ceded premium 
" for the Quota Share reinsurance treaty using the historical experience data provided.
f. (0.5 point) Briefly describe one advantage and one disadvantage of implementing the 
" proposed profit commission versus the higher ceding commission from the insurer's 
" perspective.
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18.  (a) I will use the totals for the five years combined:

Historical
Accident Year

On Level Subject 
Earned Premium 

($ millions) 

On Level Trended
Ultimate Layer

Loss Cost

On Level Trended
Ultimate Layer

Losses

2014 100 25% 25

2015 120 30% 36

2016 150 45% 67.5

2017 80 24% 19.2

2018 100 36% 36

Total 550 183.7
The experience rate is: 183.7/550 = 33.4%.
This corresponds to: ($100 million)(33.4%) = $33,400,000.
(b) I will assume that the values x in the exposure curve are net of the quota share.
The bottom of the layer, $500,000, corresponds to a normalized value of 0.5.

G(0.5) = 1 - 0.324280.5

1 - 0.32428
 = 0.63716.  

The top of the layer, $1,000,000, corresponds to a normalized value of 1.
G(1) = 1. 
G(1) - G(0.5) = 1 - 0.63716 = 0.36284.

Historical
Accident Year

On Level Subject 
Earned Premium 

($ millions) 

On Level Trended 
Ultimate Subject 

Loss Ratio 

On Level Trended
Ultimate
Losses

2014 100 75% 75

2015 120 75% 90

2016 150 90% 135

2017 80 75% 60

2018 100 80% 80

Total 550 440

Primary Loss Ratio = (75%)(100) + (75%)(120) + (90%)(150) + (75%)(80) + (80%)(100)
100 + 120 + 150 + 80 + 100

 

! ! ! = 440 / 550 = 80%.
The exposure rate is: (0.36284)(80%) = 29.027%.
This corresponds to: ($100 million)(29.027%) = $29,027,000.
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(c) (80%)(0.334) + (20%)(0.29027) = 32.525%.
(80%)($33,400,000) + (20%)($29,027,000) = $32,525,000.
(d) Since the ceding commission is equal to the insurerʼs expenses, the Quota Share treaty will 
result in no underwriting profit or loss for the insurer. On this ceded business, the insurer keeps 
no premiums, pays no losses, and its expenses are covered by the ceding commission. 
The subject premium net of the Quota share is $100 million.
The corresponding insurer expenses are $15 million.
The ceded loss ratio for this Excess layer is 90%.
Thus using the result of part (c), the reinsurer will charge: $32,525,000/0.9 = $36,138,000.
From previously, the insurerʼs expected gross loss ratio is: 440/550 = 80%.
The corresponding expected losses net of the Quota Share are: 
(80%)($100 million) = $80 million.
Then using the result of part (c), the expected losses net of the Excess Treaty are: 
$80 million - $32.525 million = $47.475 million.
Thus the insurerʼs expected net underwriting profit after application of both the existing
Quota Share reinsurance treaty and the proposed Property Per Risk Excess reinsurance treaty:
$100 million - $15 million - $47.475 million - $36.138 million = $1.387 million. 
(e) The quota share reinsurerʼs profit = 
100% - (actual loss ratio) - (15% ceding commission) - (5% margin) = 80% - (actual loss ratio).
The profit commission is equal to this times the ceded premium, when it is positive.
Since the Quota Share is 25%, the ceded premium is in each case (0.25)/(1-0.25) = 1/3 of the 
net premium. However, using the net premiums instead of the ceded premiums will not affect 
the weighted average. 

Historical
Accident Year

On Level Net
Earned Premium 

($ millions) 

On Level Trended 
Ultimate

Loss Ratio 
Profit 

Commission

2014 100 75% 5

2015 120 75% 6

2016 150 90% 0

2017 80 75% 4

2018 100 80% 0

Total 550 15
5 year weighted average ratio of profit commission to ceded premium: 15/550 = 2.73%.
(f) Advantage: If the insurer keep its loss ratios lower than 75%, the profit commission will be 
more favorable for the insurer.
Also, the profit commission can provide an incentive for risk control and the insurer can get 
money back if that risk control is successful.
Disadvantage: The increased ceding commission of 20% is 5% more than currently, while the 
profit commission would on average be only 2.73% more than currently. Thus on average the 
profit commission is less favorable for the insurer. 
Also, the profit commission is not as stable as Option 2.
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Comment: In part (a), one could instead use a straight average of the separate annual loss 
costs: (0.25 + 0.3 + 0.45 + 0.24 + 0.36) / 5 = 0.32. 
Under a proportional treaty, a profit commission usually returns to the insurer a portion of the 
profit of the reinsurer as additional commission. The margin is to take into account the expenses 
of the reinsurer.
I did not see a real advantage to the insurer of the profit commission compared to the increased 
ceding commission. There is no reason given as to why the reinsurer would be willing to 
consider either of the two proposed modifications.
The given exposure curve has the form discussed in Bernegger with bg = 1 and b = 0.32428.

! ! 2019 Exam 8, Solutions to Questions,  " " HCM  3/6/20,  ! Page 49
 



19. (1.75 points) An insurance company is deciding between three reinsurance treaty options 
from the same reinsurance company based on the following output from a catastrophe model:

"

Insurance Company Gross 
(No Reinsurance) Option 1 Option 2 Option 3

Retained AAL $500 million $450 million $486 million $488 million

Coefficient of Variation
of Retained Loss 25% 25% 24% 22%

Coefficient of Variation
of Ceded Loss n/a 25% 76% 169%

" " " " CONTINUED ON NEXT PAGE
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a. (0.5 point) Calculate the probability that the insurance company retains more than 
" $750 million of loss on a gross basis.
b. (0.75 point) One of the options represents a Quota Share reinsurance treaty. 
" Justify which of the three options it is, and state the Quota Share percentage.
c. (0.5 point)"Describe a reason why the reinsurance premium for Option 3 may be higher 
" compared to Option 1.

19. (a) From the graph, $750 million in retained losses on a gross basis corresponds to a return 
period of 25 years. The probability is 1/25 = 4%.  
(b) From the graph, for Option 1, for each return period the retained losses are about 90% of the 
gross losses. (For example for a return period of 225 year, the gross losses are $925 million and 
the retained losses are about $830 million to $835 million.)
Thus Option 1 is a 10% Quota Share treaty.
Alternately, under Quota Share, the retained losses and ceded losses are each a constant 
percentage of the gross losses. Multiplying by a constant does not change the coefficient of 
variation. The CV is the same for gross, retained, and ceded losses for Option 1, which of the 
three options is therefore the Quota Share. For the one in 25 year return time, the net losses are 
675 million, while the gross losses are 750 million. 1 - 675/750 = 10%.
Thus Option 1 is a 10% Quota Share treaty.
(c) Option 3 has a much larger coefficient of variation of ceded losses than Option 1. 
Thus the ceded losses under Option 3 are more volatile than those under Option 1; Option 3 is 
more risky for the reinsurer than Option 1. 
Therefore, the reinsurer will want a much higher risk load for Option 3 than Option 1. 
This may lead to a higher reinsurance premium for Option 3 than Option 1.
Comment: The mean ceded losses for Option 3 are $12 million compared to $50 for Option 1.
So which one has a higher reinsurance premium would depend on the magnitude of the 
reinsurerʼs risk load.
One can read other probabilities off of the graph. For example, for Option 2 the return time for 
$825 million on a net basis is 225 years; the probability is 1/225 = 0.44%.
The CV of an excess layer is usually higher than that of limited losses. However, if the layer has 
a top as well as bottom, then the CV decreases as the width of the layer decreases. For a 
sufficiently narrow width, the CV of a layer can be smaller than that of limited losses.
 

END OF EXAMINATION
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